There is a complex conformal transformation, which maps the Ddimensional real Minkowski space on a bounded set in the D-dimensional complex vector space. It generalizes the Cayley map from D = 1 dimensions to higher space-time dimensions. This transformation provides a very convenient coordinate picture for Conformal Field Theories called compact picture. In this paper we extend the compact picture coordinates for superconformal field theories in four space-time dimensions.
Introduction
The Cayley map, R ∋ t → t−i t+i ∈ S 1 , which embeds the real line into the unit circle is convenient tool in the chiral (one-dimensional) conformal field theory. In analogy to this map, there is a complex conformal transformation (2.9) (for real ζ) which maps Minkowski space M ≡ R 3,1 into (S 1 × S 3 )/Z 2 =: M , that is isomorphic copy of the so called (conformally) compactified Minkowski space. The latter is a homogeneous space for the connected conformal group SO 0 (4, 2). A quantum field theory with global conformal invariance (GCI QFT), as defined in [NT01] , is naturally extended on M . For the compactified complex Minkowski space there is a specific choice of coordinates which are global for the real M . These provide a coordinate frame for the so called compact picture, introduced and generalized in [T86] and [NT02] , respectively. In this work the term "compact picture" will be used to refer to the above mentioned coordinates themselves.
The compact picture provides many useful features. First, there is an analog of the time coordinate -the conformal time. Its shift is a conformal transformation generated by the so called conformal Hamiltonian. As a consequence of the compactness, the latter has a discrete spectrum that corresponds to the scaling dimensions of the fields (since the conformal Hamiltonian is conjugated by a complex conformal transformation to the generator of dilatations in Minkowski space).
There is another physical reason to consider a QFT in compact picture. It is related to the fact that the universal covering of M is R × S 3 -the Einstein universe, which under certain limit process locally approximates the Minkowski space [S71] .
After quantization of the theory one has to decompactify the conformal time axis (the S 1 part of M ), but the spectrum of the the conformal Hamiltonian remains discrete and only its eigenvalues are changed, what corresponds to the so called anomalous scaling dimensions. This fact and the compactness of the space (the S 3 part of M ) facilitates the construction of perturbation theory. In particular, the infrared problems and the on-shell passage on a Hilbert space is expected to be much more easy and manifest.
The compact picture has been used in [Nik05] in the establishing of the equivalence between GCI QFT and the conformal vertex algebra in 4 dimensions, and latter in [Ned15] where we propose a generalization for the case of superconformal symmetry.
To our knowledge, there is no perturbative QFT in compact picture. Probably this is related to the fact that for many field theories the conformal invariance which they have on a classical level is broken after quantization, and so we will not be able to pass to the real Minkowski space. However, for some superconformal field theories it has been proven that they remain perturbatively conformal invariant. (For example, N = 4 super Yang-Mills theory [SW81, M83] .) Thus, it should be possible their formulation in com-pact picture.
The paper is organized as follows. In the first section we make a short introduction of the compact picture, based on [Nik05] . The Second section describes the relation of complex Minkowski space and compact picture coordinates (identified with C 4 ) to the Grassmannian Gr(2, C 4 ). Detailed view of the identification of the Grassmannian coordinates as a conformal compactification of the complex Minkowski space can be found in [V04, Sect.3.3 ]. In the third section we define a compact picture (CF. (4.1)) for the case with superconformal symmetry and give the transition (CF. (4.4)) to the complex super Minkowski space.
We aim in future works to exploit the compact picture developed here for a suitable formulation of the reality (unitarity) conditions for superconformal field theories, and furthermore, provide a Hilbert space construction for these theories.
Compact Picture on Minkowski Space
The compact Minkowski space M is a homogeneous space for the conformal group G ∼ = SO 0 (4, 2) 1 in R 3,1 . By the Klein-Dirac construction it can be defined as M = Q/R * , where
M is characterized by the stabilizer group G p of a point p ∈ M . The stabilizer is isomorphic to the Poincarè group with dilatations and have an Abelian normal subgroup, N p , isomorphic to the group of translations. Let, for p ∈ M , K p be the light cone with tip at p, i.e. the set of all rays in M orthogonal to the ray p, with the respect to the metric of R 4,2 . K p is invariant with respect to the action of G p and the action of G p splits M in two orbits: one closed, K p \{p}, and one open, M \K p . The relation q ∼ p, defind as "q and p are orthogonal", is symmetric and G -invariant.
The group N p acts free and transitively on the open G p -orbit M \K p . Thus, we get an isomorphism
(2.2) Every pair of mutually nonisotropic (i.e. nonorthogonal) points (rays) q, p ∈ M defines a chart in M [Nik05, Appendix A]. This chart is isomorphic to N p . We will call p "a tip of the cone at infinity" and q -presents the center for the chart. All these constructions are naturally transfered to the complex case, where G is replaced by G C ∼ = SO 0 (6, C) that is acting on the complexified compact Minkowski space M C = Q C /C * , where Q C is the complexification of (2.1). In this case the stabilizer of a point p ∈ M C has an Abelian normal subgroup N C,p ∼ = C 4 . In such a way one defines a special (analytic and algebraic) atlas on M C . The compact picture is a chart of the above type, such that p = q * , with respect to the conjugation * that defines the real structure, and q is chosen in the future tube (2.5).
Let { e −1 , e 0 , e 1 , . . . , e 4 } be the standard pseudo-orthonormal basis of C 4,2 . We shell define two charts, the first one will correspond to the complex Minkowski space, and the second one is the compact picture.
Chart corresponding to complex Minkowski space:
Let p = {λ ξ ∞ }, where ξ ∞ := e 4 − e −1 , be the "tip of the cone at infinity" and q = {λ ξ 0 }, with ξ 0 := 1 2 ( e 4 + e −1 ), be the "center" of the chart. We construct the correspondence
Compact picture coordinates:
Let v = {λ η ∞ }, where η ∞ := i e 0 − e −1 , be the "tip of the cone at infinity" and w = {λ η 0 }, η 0 := 1 2 (i e 0 + e −1 ), -the"center". It is clear that η 0 and η ∞ are complex conjugate to each other and η 0 ∼ ξ ie 0 . The point ie 0 ∈ M C is in the future tube 2 ,
(2.5)
The correspondence between this chart and C 4 is
where {f µ } is an orthonormal C 4 basis. Since in this paper we are mainly interested in the compact picture coordinates, we shell apply the Einstein summation rule for repeating upper and down indices running from one to four, like in (2.6). In the Minkowski space case with indices running form zero to three, we will explicitly write the summation, like in (2.3).
The transition between the charts is given by the conformal transformation
followed by the change ζ → (−iz D , z 1 , . . . , z 4−1 ). In terms of the coordinates ζ and z, the transition functions are:
(2.9)
In the compact picture the real compactified Minkowski space, M , corresponds to the set of points whose coordinates satisfy the reality condition z * = z, where z * := z z 2 and z = (z µ ) stands for componentwise complex conjugation of the vector z = (z µ ). Note that
Compact picture and Grasssmannian model of M
The action of the conformal group G on the Minkowski space M is nonlinear. By the Klein-Dirac representation of M as Q/R we linearize the problem and induce the nonlinear action from the linear action of S0 0 (4, 2) on R 4,2 . This realization in the complex case further simplifies the conjugation of the compact picture coordinates. The nonlinear formula is replaced in the Klein-Dirac realization by the projective linear map (2.10).
In four-dimensional space-time there is another well known linearizing construction -the Grassmannian model of M C , which we will preview in this section with respect of the compact picture point of view. Here the realization of M C is given by the space of the complex plains in C 4 , i.e. the Grassmannian manifold Gr(2, C 4 ). It is a homogeneous space for SL(4, C) and Gr(2, C 4 ) ∼ = H 2 \SL(4, C), where
(3.1)
Thus, the elements of Gr(2, C 4 ) are right cosets
, A 1 , A 2 , A 3 , A 4 are 2 × 2-matrices, such that the block matrix that they form belongs to SL(4, C). For z ∈ C 4 we introduce notation
with Σ matrices given in (A.10).(The bar over the Σ-s does not mean complex conjugation.) C 4 is identified with a chart in the Grassmannian:
which corresponds to the compact picture from the previous section. The action of the proper conformal transformations in the compact picture now is given as a transposed right action of the corresponding elements of SL(4, C). Thus, to the transformation (2.9) corresponds the right multiplication of (3.3) with the transposed of the matrix
followed by the change z → (ζ 1 , ζ 2 , ζ 3 , iζ 0 ) . This gives transition to a chart
identified with the complex Minkowski space. In (3.4) we use the notion
(3.5)
For det(1 + ζα) ≡ 1+ζ 2 2 − iζ 0 = 0 we can write (3.4) as 
Super Minkowski space and compact picture
We aim to generalize the compact picture for the super Minkowski space in analogy to the previous section. We are using the setting of [HH95] , where complexified compactified super Minkowski space is realized as a flag supermanifold, which is a homogeneous space for the complex superconformal group.
Consider the superspace C 4|4N , where the even coordinates are the z coordinates of the compact picture and odd coordinates χ α A ,χ Ȧ α (the bar used here is not a complex conjugation), A = 1, 2, . . . , N , α = 1, 2,α = 1,2 are such that for a fixed A, they transform under (1/2, 0) and (0, 1/2) representations of so(4), respectively.
The identification (3.3) has a generalization in the case of extended superconformal symmetry. Now, instead of the Grassmannian, we have flag supermanifold F 2|0,2|N (4|N ), i.e. the space of all sequences of subspaces C 2|0 ⊂ C 2|N in C 4|N . This flag supermanifold is a homogeneous superspace for the SL (4|N, C) -the N-extended complex superconformal group:
Let introduce the notations
Then C 44N is identified with an open set in F 2|0,2|N (4|N ) by the map (z 1 , z 2 , z 3 , z 4 ; χ 1 1 , . . . , χ 1 N , χ 2 1 , . . . , χ 2 N ,χ 1 1 , . . . ,χ Ṅ 1 ,χ 1 2 , . . . ,
(4.1)
The corresponding action of SL(4|N, C) on F 2|0,2|N (4|N ) is given by right transposed matrix multiplication. Using (A.7), (A.13) and (A.11) we can write Γ −1 = exp(i π 2 Ω 0,4 ) as a superconformal transformation:
Its action on (4.1), followed by the change z → (ζ 1 , ζ 2 , ζ 3 , iζ 0 ),
Thus, the transition to the extended super Minkowski space is
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Appendix A. Notations and conventions

A.1. Conformal algebra
In our construction we have naturally four bases for the conformal Lie algebra: the so(4, 2) basis, two bases adapted to the conformal action in the chatrs described in Sect.2 and sl(4) basis related to the conformal action on the Grassmannian in Sect.3.
1. so(4, 2) basis for the conformal Lie algebra: 
For the complex Minkowski space:
Generators P, K, J , , D, which generate,respectively, the translations, special conformal transformations, rotations and dilatations in the complex Minkowski space.
µ, ν, ρ, γ, σ = 0, 1, 2, 3 .
3. For the compact picture chart:
Generators T, C, Ω , , H -generating, respectively, the translations, special conformal transformations, rotations and dilatations in the compact picture.
µ, ν, ρ, σ = 1, 2, 3, 4.
4. Realization as sl(4, C) algebra: The remaining nonzero commutation relation are:
with Σ-matrices defined as:
where ε α γ (ε 12 = −ε 21 = −ε 12 = ε 21 = 1) is the spinor metric tensor,
and σ 1 , σ 2 , σ 3 are the Pauli matrices. Explicitly Then the matrix realization is
Generators E α β , Eα β , E α β , Eα β satisfy commutation relations (A.4) and the relation (A.5). The other nonzero (graded) commutators are:
The relation with the generators from a) is:
Eα α ,
Remark: For N = 4, the sl(4|4) superalgebra is not simple, it contains an one-dimensional ideal I, generated by identity matrix (which is an sl(4|4)matrix). In this case the extended superconformal algebra is isomorphic to psl(4|4) := sl(4|4)/I.
